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This paper investigates the topological phase transition in honeycomb lattice photonic crystals with and
without time-reversal and space-inversion symmetries through extensive analysis on bulk and edge states. In
the system with both the symmetries, there appear multiple Dirac cones in the photonic band structure, and the
mass gaps are controllable via symmetry breaking. The zigzag and armchair edges of the photonic crystals can
support novel edge states that reflect the symmetries of the photonic crystals. The dispersion relation and the
field configuration of the edge states are analyzed in detail in comparison to electronic edge states. Leakage of
the edge states to free space, which is inherent in photonic systems, is fully taken into account in the analysis.
A topological relation between bulk and edge states, which has been discussed in the context of electronic
quantum Hall effect, is also examined in the photonic system with leaky edge states.
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I. INTRODUCTION

A monolayer of graphite sheet, called graphene, has at-
tracted growing interests recently.1,2 Graphene exhibits a
Dirac cone �for each spin degree of freedom� with a linear
dispersion at each corner of the first Brillouin zone, resulting
in a variety of novel transport phenomena of electrons. They
stimulate theoretical and experimental studies taking account
of analogy to physics of relativistic electron, such as Klein
tunneling3 and Zitterbewegung.4 Moreover, semi-infinite
graphene and finite stripe of graphene �called graphene rib-
bon� with zigzag edges support peculiar edge states with
nearly flat dispersion.5,6 On the contrary, armchair edge does
not support such an edge state. The flat dispersion implies
that the density of state �DOS� diverges at the flat band en-
ergy, in a striking contrast to the DOS in bulk. The diver-
gence affects many physical properties of graphene ribbon.

The above interesting phenomena of graphene arise
mainly from the gapless Dirac cone in the dispersion relation
of electron. The Dirac cone can be also regarded as the signal
of a critical state in the context of the topological phase
transition, which has been originally discussed in the quan-
tum Hall system.7 Phase transitions between topologically
distinctive phases are accompanied by gap closings, which
often emerge as gapless Dirac cones. Such kind of phase
transitions is sometimes governed by symmetry breaking.
However, in graphene, the symmetry is “built in,” and the
freedom in designing and tuning of the system is limited.
From a theoretical point of view, it is possible to implement
symmetry breaking via the energy difference between A- and
B-site atomic orbitals,8 periodic magnetic flux of zero
average,9 and Rashba spin-orbit interaction10 in a model of
graphene. However, their realistic implementations are not so
easy.

It is worth noting that the Dirac cone is not limited in
graphene, but can emerge in completely different physical
systems. For example, also in a certain class of photonic
crystals �PhCs�, the photonic band structure exhibits Dirac
cones at nonzero frequency values. We can expect many in-

teresting phenomena in optics relevant to photonic Dirac
cone, e.g., the pseudodiffusive scaling,11 Zitterbewegung,12

and extinction of coherent backscattering.13 PhC has a great
advantage in designing and tuning of the structure. That is,
we can freely select optical substances and their shapes in
PhC. In addition, static and dynamical tunings via external
field are available. We can comparatively easily control the
symmetry and its breaking of the system, and can investigate
their effect on geometrical and topological properties of pho-
tonic bands throughout in a wide range of parameter space.
Consequently, PhC provides a unique platform to investigate
symmetry-breaking physics relevant to Dirac cone. Such an
investigation may realize novel optical components and will
be valuable for feedback between optics of PhC and nano-
electronics of graphene.

When we investigate physics of Dirac cone in PhC based
on analogy of graphene, we must be careful about difference
between electron and photon. The difference stands out in
finite systems with boundary. In electronic systems the elec-
trons near Fermi level are prohibited to escape to the outer
region via the work function, i.e., a confining potential, and
the wave functions of the electrons are evanescent in the
outer region. Therefore, to sustain an edge state, formation of
the band gap in bulk is the minimum requirement. On the
other hand, in the former system confining potentials for
photon are absent at the boundary. Energy of photon is al-
ways positive as in free space, and no energy barrier exists
between the PhC and free space. The simplest way to confine
photonic edge states in the PhC is to utilize the light cone.
This restriction of the confinement makes photonic systems
quit nontrivial in various aspects.

In this paper, we study a photonic analog of graphene
model,14 namely, two-dimensional PhC composed of the
honeycomb lattice of dielectric cylinders embedded in a
background substance. The honeycomb lattice consists of
two interpenetrating triangular lattices �called A and B sub-
lattices� with the same lattice constant. This PhC exhibits
multiple Dirac cones at the corners of the first Brillouin zone
owing to its spatial symmetry.15 Here, we introduce two
kinds of symmetry breaking, breaking of the space-inversion
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symmetry �SIS� and the time-reversal symmetry �TRS�. The
SIS is broken by using different optical substances between
A- and B-site rods. The degree of the symmetry breaking is
controllable via �A−�B, the difference in dielectric constant
between A- and B-site rods. The SIS breaking opens up a
band gap and causes geometrically nontrivial Bloch states
around the corners of the Brillouin zone.16,17 The TRS is
efficiently broken by applying a magnetic field parallel to the
cylindrical axis. Nonzero static magnetic field induces imagi-
nary off-diagonal elements in the permittivity or permeabil-
ity tensors, through the magneto-optical effect.

The TRS breaking is crucial for the emergence of topo-
logically nontrivial phases, each of which is characterized by
a topological index called the Chern number. We clarify how
such phases appear by tracing the change in bulk and edge
states through a phase diagram in the space of the two
symmetry-breaking parameters. We also present the photonic
edge states visually by employing a first-principles calcula-
tion of the Maxwell equation.18 The energy leakage of
photon at open boundary is also taken into account in the
first-principles calculation to clarify its influence on the to-
pological relation between bulk and edge states. This rela-
tion, so called bulk-edge correspondence,19 has been studied
in electronic quantum Hall systems, and nowadays becomes
of high interest also in photonic systems without TRS. In
quantum Hall system, nontrivial topology of bulk states leads
to the emergence of chiral edge states,20,21 which are robust
against localization effect. Recently, Haldane and Raghu22

proposed one-way light waveguide realized in PhCs without
TRS. Explicit construction of such waveguides is demon-
strated by several authors.23–26 Strictly speaking, these works
investigate interface states localized by an interface sand-
wiched by screened media. Such systems are similar to elec-
tronic ones with confining potentials. In contrast, this paper
is focusing on systems with open boundary, and the leakage
of photon to outer region is fully taken into account. Espe-
cially one of important findings in this paper is that the prop-
erty of leakage strongly depends on the type of edge, i.e.,
whether zigzag edge or armchair edge. Furthermore, as for
both structure and controllable parameters, our honeycomb
PhC with open boundary is rather simpler than those dem-
onstrated so far. Thus, we can systematically clarify how the
bulk-edge correspondence is modified for leaky edge states.
This property specific to optical systems, i.e., the coexistence
of leaky and nonleaky edge states, enables one-way light
transport without preparing a particular kind of interface. We
also visually demonstrate a clockwise one-way light trans-
port for a rectangular-shaped honeycomb PhC, which has
both zigzag and armchair edges.

This paper is organized as follows. Section II is devoted
to present bulk properties of the PhC with and without TRS
and SIS. A numerical method to deal with edge states is
given in Sec. III. Properties of zigzag and armchair edge
states are investigated in detail in Secs. IV and V, respec-
tively. A one-way light transport along the edge of a
rectangular-shaped PhC is demonstrated in Sec. VI. Finally,
summary and discussions are given in Sec. VII.

II. DIRAC CONE AND BAND GAP

Let us consider two-dimensional PhCs composed of the
honeycomb array of circular cylinders embedded in air. The

photonic band structure of the PhCs with and without TRS is
shown in Fig. 1 for the transverse magnetic �TM� polariza-
tion. For comparison, the photonic band structure of the
transverse electric �TE� polarization is also shown for the
PhC with TRS. The SIS holds in all the cases.

Here, the dielectric constants �A�B� and radius rA�B� of the
A�B� cylinders are taken to be 12 and 0.2a, respectively. The
magnetic permeability of the cylinders is taken to be 1 for
the PhC with TRS, and has the tensor form given by

�̂ = �� i� 0

− i� � 0

0 0 �
�, � = 1, � = 0.2, �1�

for the PhC without TRS. The first, second, and third rows
�columns� stand for x, y, and z Cartesian components, re-
spectively. The cylindrical axis is taken to be parallel to the z
axis. The imaginary off-diagonal components of �̂ are re-
sponsible for the magneto-optical effect and break the TRS.
Thus, parameter � represents the degree of the TRS break-
ing.

As mentioned in introduction, for the PhC with TRS the
Dirac cone is found at the K point. In particular, the first
�lowest� and second TM bands are in contact with each other
at the K point. They are also in contact with the K� point
because of the spatial symmetry. This property is quite simi-
lar to the tight-binding electron in graphene. As for the Dirac
point at �a /2�c�0.55 of the TM polarization, the fourth
band is in contact with the fifth band at K �and K��, whereas
the former and the latter are also in contact with the third and
sixth bands, respectively, at the � point. Concerning the TE
polarization, the Dirac cones are not clearly visible, but are
indeed formed between the second and third and between the
fourth and fifth.

On the other hand, in the PhC without TRS, all the de-
generate modes at � and K are lifted. The point group of this
PhC becomes C6 and the point group of k at the K point is
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FIG. 1. �Color online� The photonic band structure of the hon-
eycomb lattice PhCs of dielectric cylinders embedded in air. Solid
�dashed� line stands for the TM band structure of the PhC with
�without� TRS. The SIS holds in both the cases. The dielectric con-
stant and radius of the cylinders are taken to be 12 and 0.2a, re-
spectively, where a is the lattice constant. The magnetic permeabil-
ity of the cylinders is taken to be 1 for the PhC with TRS and is
given by Eq. �1� for the PhC without TRS. For comparison, the TE
band structure of the PhC with TRS is also shown by doted line.
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C3. They are Abelian groups, allowing solely one-
dimensional representations. Therefore, the degeneracy is
forbidden. The energy gap between the lifted modes is pro-
portional to � if it is small enough.

As for the SIS breaking, it is given by the difference in the
dielectric function, ��−r�−��r�. In the honeycomb PhC con-
cerned, the difference is equal to �	� �	���A−�B� inside
the cylinders and zero otherwise. Therefore, the degree of the
SIS breaking is represented by 	�. The SIS breaking lifts the
double degeneracy at K, but not at � when the TRS is pre-
served. The energy gap between the lifted modes is propor-
tional to 	�.17

Let us focus on the gap between the first and second TM
bands of the PhC as a function of the SIS and TRS breaking
parameters. The phase diagram of the PhC concerning the
gap is shown in Fig. 2.

Here, the average dielectric constant and the radius of the
cylinders are kept fixed to ��A+�B� /2=12 and rA=rB=0.2a,
respectively. At generic values of the parameters the gap
opens. However, if we change the parameters along certain
curves in the parameter space, the gap remains to close. This
property implies that at finite � the gap closes only at certain
values of 	�. In Fig. 2 there are four regions that are sepa-
rated by the curves. The four regions are characterized by the
Chern numbers of the first and second photonic bands. The
Chern number is a topological integer defined by

Cn =
1

2�
�

BZ
d2k��k 
 �nk�z, �2�

�nk = − i�unk	�k	unk
 , �3�

�umk	unk
 =
1

A
�

UC
d2rumk�r���r�unk�r� = �m,n �4�

for each nondegenerate band. Here, BZ, UC, and A stand for
Brillouin zone, unit cell, and the area of unit cell, respec-
tively. The envelop function unk�r� of the nth Bloch state at k
is of Ez �i.e., the z component of the electric field�. For in-
stance, in the upper region of Fig. 2, C1=−1 and C2=1,

whereas in the right region C1=C2=0. At the gap closing
point, the Chern number transfers between the upper and
lower bands under the topological number conservation law.7

We will see that the phase diagram correlates with a property
of edge states in corresponding PhC stripes. This correlation
is a guiding principle to design a one-way light transport
near PhC edges.22

Finally, we should note that the Chern numbers given in
Fig. 2 are consistent under the time-reversal and the space-
inversion transformations. We also note this phase diagram is
similar to that obtained in a triangular lattice PhC with an-
isotropic rods.25

III. CHARACTERIZATION OF EDGE STATES

So far, we have concentrated on properties of the PhCs of
infinite extent in plane. If the system has edges, there can
emerge edge states which are localized near the edges and
are evanescent both inside and outside the PhC. In this sec-
tion we introduce a PhC stripe with two parallel edges. The
edges are supposed to have infinite extent, so that the trans-
lational invariance along the edges still holds. The edge
states are characterized by Bloch wave vector parallel to the
edges.

Optical properties of the PhC stripe are described by the S
matrix. It relates the incident plane wave of parallel momen-
tum k� +G� to the outgoing plane wave of parallel momen-
tum k� +G, where G and G� are the reciprocal lattice vectors
relevant to the periodicity parallel to the stripe edges.27 Both
the waves can be evanescent. To be precise, the S matrix is
defined by

��a+
out�G

�a−
out�G

 = �
G�
��S++�GG� �S+−�GG�

�S−+�GG� �S−−�GG�
��a+

in�G�

�a−
in�G�

 , �5�

where �a�
in�out��G is the plane-wave-expansion components of

upward �+� and downward �−� incoming �outgoing� waves of
parallel momentum k� +G, respectively. In our PhCs under
consideration the S matrix can be calculated via the photonic
layer Korringa-Kohn-Rostoker method28 as a function of par-
allel momentum k� and frequency �. If the S matrix is nu-
merically available, the dispersion relation of the edge states
is obtained according to the following secular equation:

0 = det�S−1� . �6�

Strictly speaking, this equation also includes solutions of
bulk states below the light line. If we search for the solutions
inside pseudogaps �i.e., k�-dependent gaps�, solely the disper-
sion relations of the edge states are obtained. In actual cal-
culation, however, the magnitude of det�S� becomes ex-
tremely small with increasing size of the matrix. The matrix
size is given by the number of reciprocal lattice vectors taken
into account in numerical calculation. In order to obtain nu-
merical accuracy, we have to deal with larger matrix. There-
fore, this procedure to determine the edge states is generally
unstable. Instead, we employ the following scheme. Suppose
that the S matrix is divided into two parts Su and Sl that
correspond to the division of the PhC stripe into the upper
and lower parts. This division is arbitrary, unless the upper or
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FIG. 2. Phase diagram of the honeycomb lattice PhC for the TM
polarization. Phase space is spanned by two parameters, 	� and �,
which represent the SIS and TRS breaking, respectively. The aver-
age dielectric constant and the radius of the cylinders are kept fixed
to ��A+�B� /2=12 and rA=rB=0.2a, respectively. The Chern num-
ber Cn of the first and second bands is indicated.
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lower part is not empty. The following secular equation also
determines the dispersion relation of the edge states:

0 = det�1 − S−+
l S+−

u � . �7�

This scheme is much stable for larger matrix.
As far as true edge states are concerned, the secular equa-

tion has the zeros in real axis of frequency for a given real k�.
Here we should also mention leaky edge states �i.e., reso-
nances near the edges�, which are not evanescent outside the
PhC but are evanescent inside the PhC. Such an edge state is
still meaningful, because the DOS exhibits a peak there. The
peak frequency as a function of parallel momentum k� fol-
lows a certain curve that is connected to the dispersion curve
of the true edge states. To evaluate the leaky edge states, the
method developed by Ohtaka et al.29 is employed. In this
method, the DOS at fixed k� and � is calculated with the
truncated S matrix of open diffraction channels. The unitarity
of the truncated S matrix enables us to determine the DOS
via eigenphase shifts of the S matrix. A peak of the DOS
inside the pseudogap corresponds to a leaky edge state.

IV. ZIGZAG EDGE

First, let us consider the zigzag edge. Figure 3 shows four
sets of the projected band diagram of the honeycomb PhC
and the dispersion relation of the edge states localized near
the zigzag edges. In Fig. 3 the shaded regions represent bulk
states, whereas the blank regions correspond to the
pseudogap. Inside the pseudogap edge states can emerge. In
the evaluation of the edge states, we assumed the PhC stripe
of N=16, being N the number of the layers along the direc-
tion perpendicular to the zigzag edges.

Here, we close up the first and second bands. Higher
bands are well separated from the lowest two bands. Each set
refers to either of four points indicated in the phase diagram
of Fig. 2. In accordance with the Dirac cone in Fig. 1, the
projected band structure of point P1 also exhibits a point
contact at k�a /2�=1 /3 and 2/3. The first and second bands
are separated for P2 and P3, but are nearly in contact at
k�a /2�=1 /3 for P4. This is because P4 is close to the phase
boundary. Except for the lower right panel, in which the TRS
and the SIS are broken, the projected band diagrams and the
edge-state dispersion curves are symmetric with respect to
k�a /2�=0.5. This symmetry is preserved if either the TRS or
the SIS holds.

Let us consider symmetry properties of the bulk and edge
states in detail. The time-reversal transformation implies

�n�− k�,− k�;	�,− �� = �n�k�,k�;	�,�� , �8�

where �n�k� ,k� ;	� ,�� is the eigenfrequency of the nth
Bloch state at given parameters of 	� and �, and k� is the
momentum perpendicular to the edge. In the case of �=0,
after the projection concerning k�, the symmetry with re-
spect to k� =0 is obtained. This symmetry combined with the
translational invariance under k�→k� +G results in the sym-
metry with respect to k�a /2�=0.5. Similarly, the space-
inversion results in

�n�− k�,− k�;− 	�,�� = �n�k�,k�;	�,�� . �9�

The symmetry with respect to k�a /2�=0 and 0.5 is obtained
at 	�=0. When edge states are well defined in PhCs with
enough number of layers, their dispersion relation satisfies

�e1�e2��− k�;	�,− �� = �e1�e2��k�;	�,�� , �10�

�e1
�− k�;− 	�,�� = �e2

�k�;	�,�� , �11�

owing to the time-reversal and space-inversion transforma-
tions, respectively. Here, �e1

and �e2
denote the dispersion

relation of opposite edges of the PhC stripe. At �=0, both
�e1

and �e2
are symmetric under the inversion of k�. In con-

trast, at 	�=0 they are interchanged. The resulting band dia-
gram is symmetric with respect to k�a /2�=0 and 0.5 as in
Fig. 3.

The upper left panel of Fig. 3 shows two almost-
degenerate curves that are lifted a bit near the Dirac point.
This lifting comes from the hybridization between edge
states of the opposite boundary, owing to finite width of the
stripe. The lifting becomes smaller with increasing N, and
eventually two curves merge with each other. Since P1 cor-
responds to 	�=�=0, we obtain �e1

=�e2
owing to Eqs. �10�

and �11�, irrespective of k�. As is the same with in graphene,
our edge states appear only in the region 1 /3k�a /2�
2 /3. However, the edge-state curves are not flat, in a strik-
ing contrast to the zigzag edge state in the nearest-neighbor
tight-binding model of graphene.

In the upper right panel two edge-state curves are sepa-
rated in frequency and each curve terminates in the same
bulk band. On the contrary, in the lower two panels the dis-
persion curves of the two edge states intersect one another at
a particular point and each curve terminates at different bulk
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FIG. 3. �Color� The projected band diagrams at point Pn in the
phase diagram �Fig. 2� and the dispersion curves of the edge states.
The zigzag edge is assumed. The shaded regions represent bulk
states. The edge states are of the PhC stripes with 16 layers. Solid
line stands for the light line. The surface Brillouin zone is taken to
be 0k�a /2�1 in order to see the connectivity of the edge-state
dispersion curves. The edge state localized near the upper �lower�
zigzag edge is represented by red �blue� dot. Violet dots stand for
the edge states that are not simply categorized into the upper or
lower edge owing to bonding or antibonding via �approximate�
degeneracy.
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bands. For instance, in the lower left panel, the curve includ-
ing Q1 terminates at the upper band near k�a /2�=1 /3 and at
the lower band near k�a /2�=2 /3. At other points in the pa-
rameter space, we found that the two edge-state curves are
separated if the system is in the phase of zero Chern number.
Otherwise, if the system is in the phase of nonzero Chern
number, the two curves intersect one another.

The wave function of the edge state at marked points Q1
and Q2 is plotted in Fig. 4. We can easily see that the edge
states at Q1 and Q2 are localized near different edges. This
property is consistent with the fact that at 	�=0, �e1

and �e2
are interchanged under the inversion of k�. The field configu-
ration at Q1 is identical to that at Q2 after the space-inversion
transformation �� rotation�. Since the SIS is preserved in this
case, they are the SIS partners. It is also remarkable that the
electric field intensity is confined almost in the rods forming
one particular sublattice. This field pattern is reminiscent of
the nonbonding orbital of the zigzag edge state in graphene.
The edge state at Q1�Q2� has the negative �positive� group
velocity. Moreover, no other bulk and edge states exist at the
frequency. Therefore, solely the propagation from left to
right is allowed near the upper edge, while the propagation
from right to left is allowed in the lower edge. In this way a
one-way light transport is realized near a given edge. The
one-way transport is robust against quenched disorder with
long correlation length, because the edge states are out of the
light line and the bulk states at the same frequency is com-

pletely absent.30 This is also the case in the lower right panel
of Fig. 3, although the frequency range of the one-way trans-
port is very narrow. It should be noted that the noncorrelated
disorder would cause the scattering into the states above the
light line, where the energy leakage takes place. Detailed
investigation of disorder effects is beyond the scope of the
present paper.

The results obtained in this section strongly support the
bulk-edge correspondence, which was originally proven in
the context of quantum Hall systems19 and was discussed in
the context of photonic systems recently.22 Namely, the num-
ber of one-way edge states per edge in a given two-
dimensional omnidirectional gap �i.e., k�-independent gap� is
equal to the sum of the Chern numbers of the bulk bands
below the gap. A negative sign of the sum corresponds to the
inverted direction of the edge propagation. For instance, if
the sum is equal to −2, the number of the one-way edge
states is 2, but they flow in the opposite direction to the case
that the sum is equal to 2. In our case, at P3, for instance, the
Chern number of the lower �upper� band is equal to −1 �1�.
Accordingly, there is only one �one-way� state per edge in
the gap between the first and second bands. Moreover, no
edge state is found between the second and third bands. This
behavior is consistent with the Chern numbers of the first
and second bands, according to the bulk-edge correspon-
dence. This is also the case at P4 and at other generic points
in the phase space.

Finally, let us briefly comment on the edge states in P1
and P2. In P1 the two edge states are completely degenerate
at N=�. For the system with narrow width, there appear the
bonding and antibonding orbitals, each of which has an equal
weight of the field intensity in both the zigzag edges. As for
the edge states in P2, the upper �lower� edge states are local-
ized near the upper �lower� zigzag edge.

V. ARMCHAIR EDGE

Next, let us consider the armchair edge. The projected
band diagram and the dispersion curves of the edge states are
shown in Fig. 5. We assumed the PhC stripe with N=64.

It should be noted that they are symmetric with respect to
k� =0 regardless of SIS and TRS. This property is understood
by the combination of a parity transformation and Eq. �8�.
Under the parity transformation with respect to the mirror
plane parallel to the armchair edges,

�n�k�,− k�;	�,− �� = �n�k�,k�;	�,�� . �12�

By combining Eqs. �8� and �12�, we obtain the symmetric
projected band diagram with respect to k� =0. Concerning the
edge states, the parity transformation results in

�e1
�k�;	�,− �� = �e2

�k�;	�,�� . �13�

Therefore, by combining Eqs. �10� and �13�, we can derive
that �e1

and �e2
are interchanged by the inversion of k�,

regardless of SIS and TRS

�e1
�− k�;	�,�� = �e2

�k�;	�,�� . �14�

Equation �14� results in the degeneracy between �e1
and �e2

at the boundary of the surface Brillouin zone. Moreover, it is

FIG. 4. �Color online� The electric field intensity 	Ez	2 of the true
edge state at Q1 �left panel� and Q2 �right panel� in Fig. 3. The
intensity maxima is normalized as 1. In the enlarged panels the
Poynting vector flow is also shown.
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obvious from Eq. �13� that the two edge states are com-
pletely degenerate at �=0 in the entire surface Brillouin
zone.

In the armchair projection the K and K� points in the first
Brillouin zone are mapped on the same point k� =0 in the
surface Brillouin zone, being above the light line. Therefore,
possible edge states relevant to the Dirac cone are leaky,
unless the region outside the PhC is screened. Accordingly,
the DOS of an armchair edge state at fixed k� shows up as a
Lorentzian peak, in a striking contrast to that of a zigzag
edge state being a delta-function peak. The dispersion rela-
tion of the leaky edge states depends strongly on the number
of layers N. However, if N is large enough, the
N-dependence disappears. We found that at large enough N,
the leaky edge states correlate with the Chern number fairly
well.

In the case as P3 where the Chern numbers of the upper
and lower bands are nonzero, we found a segment of the
dispersion curve of the leaky edge state whose bottom is at
the lower band edge, as shown in the lower left panel of Fig.
5. There also appears another segment of the dispersion
curve which crosses the light line. Across the phase bound-
ary, the upper band touches to and separates from the lower
band. After the separation as the case P5, the bottom of the
former segment moves from the lower band edge to the up-
per band edge as shown in the lower right panel of Fig. 5. By
increasing 	�, this segment hides among the upper bulk
band �not shown�. We should note that the dispersion curve
of the leaky edge states is obtained by tracing the peak fre-
quencies of the DOS as a function of k�. If a peak becomes a
shoulder, we stopped tracing the curve and indicated shoul-
der frequencies by dotted curve. This is the case for P3 and
P5. For P3, the DOS changes its shape from peak to shoulder
at k�a /2�� �0.058. This is why the segment including Q3
and Q4 seems to terminate around there. However, we can

distinguish this shoulder in the region 0.058� 	k�	a /2�
�0.1, accompanying an additional peak above it. The peak
bringing the shoulder with it becomes an asymmetric peak
for 	k�	a /2��0.1 and crosses the light line. In the DOS
spectrum of P5, we can find two shoulders just below the
peaks of bulk states in the region 0.04� 	k�	a /2��0.1.
Again, they merge each other and become an asymmetric
peak for 	k�	a /2��0.1. Such an asymmetric peak consists of
two peaks with different heights and widths, which come
from the lifting of the degenerate edge states in the limit of
�=0. Actually, for P1 and P2 in which the edge states are
doubly degenerate, we can see a nearly symmetric single
peak for the leaky edge states in each case.

As in the case of zigzag edge, the leaky edge states in the
two-dimensional omnidirectional gap exhibit a one-way light
transport if the relevant Chern number is nonzero. Here, we
consider the structure with two horizontal armchair edges.
The incident wave with positive k� coming from the bottom
cannot excite the leaky edge state just above the lower band
edge, e.g., state Q4 in Fig. 5. However, the incident wave
with negative k� coming from the bottom can excite the leaky
edge state, e.g., at Q3. This is because the leaky edge states
with positive k� are localized near the upper edge, while
those with negative k� are localized near the lower edge. In
the latter case, the leaky edge states have negative group
velocities, traveling from right to left. This relation becomes
inverted for the plane wave coming from the top. The inci-
dent plane wave with positive �negative� k� can �cannot� ex-
cite the leaky edge state localized near the upper armchair
edge. This edge state has positive group velocity, traveling
from left to right. In this way, one-way light transport is
realized as in the zigzag edge case. Under quenched disorder
the one-way transport is protected against the mixing with
bulk states, because no bulk state exists in the omnidirec-
tional gap. However, in contrast to the zigzag edge case,
even the disorder with long correlation length could enhance
the energy leakage to the outer region.

Figure 6 shows the electric field intensity 	Ez	2 induced by
the incident plane wave whose � and k� are at the marked
points �Q3 and Q4� in Fig. 5. The intensity of the incident
plane wave is taken to be 1 and the field configuration above
y /a=8 is omitted.

Although, the dispersion curve is symmetric with respect
to k� =0, the field configuration is quite asymmetric. Of par-
ticular importance is the near-field pattern around the lower
edge. In the left panel the strongest field intensity of order 40
is found in the boundary armchair layer, whereas in the right
panel it is found outside the PhC with much smaller inten-
sity. In both the cases, the transmittances in the y direction
are the same and nearly equal to zero. Accordingly, no field
enhancement is observed near the upper edge �not shown�.
The remarkable contrast of the field profiles indicates that the
leaky edge state with horizontal energy flow is excited in the
left panel, but is not in the right panel. If the plane wave is
incident from the top, the field pattern exhibits an opposite
behavior. That is, the plane wave with � and k� at Q4 from
the top excites the leaky edge state localized near the upper
edge, but at Q3 it cannot excite the leaky edge state. The
resulting field profile at Q4 is the same as the left panel of
Fig. 6 after the space-inversion transformation. This is be-
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FIG. 5. �Color� The projected band diagrams at point Pn in the
phase diagram �Fig. 2� and the dispersion curves of the edge states.
The armchair edge is assumed. The shaded regions correspond to
bulk states. The edge states are of the PhC stripes with 64 layers.
Solid line stands for the light line. The edge state localized near the
upper �lower� zigzag edge is represented by red �blue� dot. Violet
dots stand for the edge states that are not simply categorized into
the upper or lower edge owing to bonding or antibonding via �ap-
proximate� degeneracy.
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cause the states at Q3 and Q4 are the space-inversion part-
ners.

The property of each edge state is also understood as fol-
lows. When we scan k� from negative to positive along the
dispersion curve of the leaky edge state, the localized center
of the edge state transfers from one edge to the other. The
critical point is at the bottom of the dispersion curve, where
the edge state merges to the bulk state of the lower band. It is
extended inside the PhC, making a bridge from one edge to
the other. The entire picture is consistent with Eq. �14�.

Finally, let us comment on the field configuration of other
edge states. For P1 and P2, the edge states are degenerate
between the upper and lower edges. Accordingly, the inci-
dent plane wave coming from the bottom �top� of the struc-
ture excites the leaky edge states localized around the bottom
�top� edge. It is regardless of the sign of k�. For P3 and P5,
the edge-state curve that crosses the light line corresponds to
an asymmetric peak in the DOS, which is actually the sum of
two peaks. It is difficult to separate the two peaks, because
they are overlapped in frequency. Thus, the edge states can
be excited by the incident wave coming from both top and
bottom of the PhC. Concerning the edge states around k�

=0 of P5, a similar contrast in the field configuration be-
tween positive and negative k� is obtained as in Q3 and Q4.

However, under quenched disorder this edge state readily
mixes with bulk states that exist at the same frequency.

VI. DEMONSTRATION OF ONE-WAY LIGHT
TRANSPORT

The direction of the one-way transport in the zigzag edge
is consistent with that in the armchair edge. Let us consider a
rectangular-shaped PhC whose four edges are zigzag, arm-
chair, zigzag, and armchair in a clockwise order. The one-
way transport found at P3 in Fig. 2 has to be clockwise in
this geometry.

To verify it certainly happens, we performed a numerical
simulation of the light transport in the rectangular-shaped
PhC. The multiple-scattering method is employed along with
a Gaussian beam incidence.31 We assume N=32 for the zig-
zag edges and N=64 for the armchair edges. The incident
Gaussian beam is focused at the midpoint of the front arm-
chair edge. The electric field intensity 	Ez	2 at the focused
point is normalized as 1 and the beam waist is 20a. The
frequency and the incident angle of the beam are taken to be
�a /2�c=0.273 and �0=7.263°, which corresponds to the
leaky edge state very close to the Q3 point. The beam waist
size is chosen to avoid possible diffraction at the corner of
the PhC and not to excite the states near the Q4 point at the
same time.

Resulting electric field intensity 	Ez	2 is plotted in Fig. 7.
The incident beam is almost reflected at the left �armchair�
edge, forming the interference pattern in the left side of the
PhC. However, as in the left panel of Fig. 6, the leaky edge
state is certainly excited there. This edge state propagates
upward, and is diffracted at the upper left corner. A certain
portion of the energy turns into the zigzag edge state local-
ized near the upper edge. This edge state propagates from
left to right. The energy leakage at the upper edge is very
small compared to that in the left and right edges. This zig-
zag edge state is more or less diffracted at the upper right
corner. However, the down-going armchair edge state is cer-
tainly excited in the right edge. Obviously, the field intensity

FIG. 6. �Color online� The electric field intensity 	Ez	2 induced
by the incident plane wave having �k� ,�� at Q3 �left panel� and Q4

�right panel� in Fig. 5. The incident plane wave of unit intensity
comes from the bottom of the structure. In the enlarged panels the
Poynting vector flow is also shown.

FIG. 7. �Color online� The electric field intensity 	Ez	2 induced
by the time-harmonic Gaussian beam coming from the left of the
rectangular-shaped PhC. The four edges are either zigzag �top and
bottom� or armchair �left and right�. The beam is focused at the mid
point of the left armchair edge with the unit electric field intensity
and beam waist of 20a.
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of the right edge reduces with reducing y coordinate. This
behavior is consistent with the energy leakage of the arm-
chair edge state. Finally, the field intensity almost vanished
at the lower right corner. In this way, the clockwise one-way
light transport is realized in the rectangular-shaped PhC.

We also confirmed that the incident beam with the same
parameters but inverted incident angle �−�0� does not excite
the counterclockwise one-way transport along the edges. The
incident beam is just reflected without exciting the relevant
leaky edge state in accordance with the right panel of Fig. 6.

VII. SUMMARY AND DISCUSSIONS

In summary, we have presented a numerical analysis on
the bulk and edge states in honeycomb lattice PhCs as a
photonic analog of graphene model and its extension. In the
TM polarization the Dirac cone emerges between the first
and second bands. The mass gap in the Dirac cone is con-
trollable by the parameters of the SIS or TRS breaking. On
certain curves in the parameter space, the band touching
takes place. These curves divide the parameter space into
four topologically distinct regions. Two regions are charac-
terized by zero Chern number of the upper and lower bands,
and the others are characterized by Chern number of �1. Of
particular importance is the correlation between the Chern
number in bulk and light transport near edge. Nonzero Chern
number in bulk photonic bands results in one-way light
transport near the edge. It is quite similar to the bulk-edge
correspondence found in quantum Hall systems.

In this paper we focus on the TM polarization in rod-in-
air type PhCs. This is mainly because the band touching
takes place between the lowest two bands and they are well
separated from higher bands by the wide band gap, provided
that the refractive index of the rods are high enough. In rod-
in-air type PhCs the TE polarization results in the band
touching between the second and third bands. However, the
Dirac cone is not clearly visible, although it is certainly
formed. As for hole-in-dielectric type PhCs, an opposite ten-
dency is found. Namely, the band touching between the low-
est two bands takes place only in the TE polarization. In this
case the distance between the boundary column of air holes
and the PhC edge affect edge states. Therefore, we must take
account of this parameter to determine the dispersion curves
of the edge states.

Concerning the TRS breaking, we have introduced imagi-
nary off-diagonal components in the permeability tensor.
This is the most efficient way to break the TRS without
dissipation for the TM polarization. Such a permeability ten-
sor is normally not available in visible frequency range.32

However, in GHz range it is possible to obtain � of order 10.
Such a large � is necessary to obtain a robust one-way trans-
port against thermal fluctuations, etc. In the numerical setup
we assumed an intermediate frequency range with smaller �.
On the other hand, in the TE polarization, the TRS can be
efficiently broken by imaginary off-diagonal components in
the permittivity tensor. In this case the PhC without the TRS
can operate in visible frequency range. However, strong
magnetic field is necessary in order to induce large imagi-
nary off-diagonal components of the permittivity tensor.
Thus, it is strongly desired to explorer low-loss optical media
with large magneto-optical effect, in order to have robust
one-way transport.

Recently, another photonic analog of graphene, namely,
honeycomb array of metallic nanoparticles, was proposed
and analyzed theoretically.33 Particle plasmon resonances in
the nanoparticles act as if localized orbitals in carbon atom.
The tight-binding picture is thus reasonably adapted to this
system, and nearly flat bands are found in the zigzag edge.
Vectorial nature of photon plays a crucial role there, giving
rise to a remarkable feature in the dispersion curves of the
edge states in the quasistatic approximation. In contrast, vec-
torial nature of photon is minimally introduced in our model,
but a full analysis including possible retardation effects and
symmetry-breaking effects has been made. Effects of the
TE-TM mixing in off-axis propagation are an important issue
in our system. In particular, it is interesting to study to what
extent the bulk-edge correspondence is modified. We hope
this paper stimulates further investigation based on the anal-
ogy between electronic and photonic systems on honeycomb
lattices.
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